Introduction
Let K be a number field with ring of integers O. Let A be a central simple K-algebra (K-CSA or CSA over K) of dimension n 2 ≥ 4. All lattices and orders are assumed to be O-modules.
In recent years there has been an increasing interest in the so called selectivity problem for maximal orders: Understanding the set of maximal orders in A containing an isomorphic copy of a given suborder H, usually a commutative order. This has been partly motivated by the role played by quaternion orders in the construction of isospectral but non-isometric hyperbolic manifolds [13] . However, these results have also applications to the arithmetic of both, the order H and the set of maximal orders containing H. A couple of questions that easily reduce to selectivity problems [6, §5] are the following:
(1) When does the order H contains an ideal isomorphic, as an Omodule, to the lattice O × · · · × O × J for a given ideal J ⊆ O?
The spinor class field for maximal orders in A is the maximal exponent-n sub-extension Σ 0 of the wide Hilbert class field of K satisfying the following conditions:
(1) f ℘ (Σ 0 /K) divides f ℘ (A/K) at all finite places.
(2) Σ 0 /K splits completely at every real place ℘ of K where f ℘ (A/K) = n.
In the same language, the corresponding result for Eichler orders in quaternion algebras is as follows [7 
, Theorem 1.2]:
The spinor class field for Eichler orders of level I = ℘ ℘ α(℘) in a quaternion algebra A over K is the maximal subfield Σ, of the spinor class field Σ 0 of maximal orders, such that Σ/K splits at all places where α(℘) is odd.
The purpose of the current work is to give a similar result for GEOs in a K-CSA A of arbitrary dimension. This is done in Theorem 3.1. The splitting condition on places where α(℘) is odd is replaced by a local condition depending on the definition on some technical type distance, and a notion of local symmetry. Here, a local order is called symmetric if a higher dimensional analog of the branch S 0 (H) defined in [7, §2] , has a nontrivial symmetry ( §3-4). For locally symmetric orders, the correspondence described in Theorem 1.1 is canonical (Cor. 6.6 ). This machinery is applied in §5 to the selectivity problem. An additional application is the following: , representatives of all clases in the quotient N/Q * D * are given by the Atkin-Lehner involutions (see [8] or [9] ).
We would not be overly surprised if the techniques presented in this work can be extended to chain orders [2] , or even general split orders. For this, we need to understand the symmetry group of the convex polytopes described in [11] .
The theory of spinor class field
In this section we review the basic facts about spinor class fields of orders. All results in this sections can be proved in the more general context of Sorders in CSA's over global fields, See [3] or [5] for details. In all that follows A and K are as in the introduction and D is a full order in A. Let H be an arbitrary suborder of D (full or otherwise). Completions at a finite place ℘ are denoted D ℘ or H ℘ , and a similar convention applies to algebras. Let Π = Π(K) be the set of all places in K finite or otherwise, let A ⊆ ℘∈Π K ℘ be the adele ring of K, and let J K = A * be its idele group. Let A A = A⊗ K A be the adelization of the algebra. If a = (a ℘ ) ℘ ∈ A A is an adelic element, we let aDa −1 denote the order D defined locally by
℘ at all finite places ℘. By convention, we set D ℘ = A ℘ at infinite places, if D is full.
Since any two maximal orders are locally conjugate at all places, if we fix a maximal order D, any other maximal order in A has the form D = aDa −1 for some adelic element a ∈ A * A . More generally, it is said that two full orders D and D , in A, are in the same genus if D = aDa −1 for some adelic element a. The spinor class field Σ = Σ(D) is defined as the class field corresponding to the group 
, as in §1. We say that two orders D and D are in the same spinor genus whenever their distance is the identity Id Σ . Two conjugate orders are in the same spinor genus, and the converse is a consequence of the strong approximation property for the group SL 1 (A). In the present setting, strong approximation is equivalent to EC below, which is assumed throughout this paper, except in the last example in §6.
Eichler Condition (EC): Either n > 2 or A is unramified at some archimedean place.
Note for future reference that H(D)
The sets H(D) and H ℘ (D) are called global and local spinor image, respectively. When k is an arbitrary local field, we also write H k (E) for the spinor image of a local order E in a k-CSA A, which is defined analogously. If E is maximal, and if A ∼ = M f (B) for a division algebra B, it is known that H k (E) = k * f O * k , see the continuation of Example 1 in §2 of [3] .
Locally symmetric GEOs
Let k = K ℘ be a local field and let A = M f (B) be a k-CSA, where B is a division algebra. Recall that B f , the space of column vectors, is naturally a left M f (B)-module and a right B-module, and this bi-module structure is the one considered throughout this paper. Every maximal order in A has the form D Λ = {a ∈ A|aΛ ⊆ Λ}, for some full lattice Λ ⊆ B f satisfying ΛO B = Λ, where O B is the maximal order of B. Such lattices are called O B -lattices. Note that, for λ ∈ B * , the map x → xλ is not a B-module homomorphism unless λ is central, but Λ → Λλ defines an action of B * on the set of O B -lattices since λO B = O B λ. In these notations, D Λ = D M if and only if M = Λλ for some λ ∈ B * . Let Λ and M be two full O B -lattices in B f and let π be a uniformizing parameter of B. By the theory of invariant factors, there exists a B-basis 
Blocks in Weil apartments.
In all of this section, let k be a non-archimedean local field, and let B be a central division k-algebra with uniformizing parameter π. Let B be the Bruhat-Tits building (or BT-building) associated to PGL n (B), as defined in [1] or [2] . Recall that the vertices of B are in one to one correspondence with the maximal orders in M n (B). An apartment is the maximal subcomplex whose vertices correspond to maximal orders containing a fixed conjugate of the order P =
. Consider the apartment A 0 corresponding to P, which we call the standard apartment. Note that the set of maximal orders in A 0 is in correspondence with the homothety classes of left fractional P-ideals in kP. In other words they are the stabilizers D→ a of the lattices of the form n i=1 e i π a i O B , where {e 1 , . . . , e n } is the cannonical basis of the column space B n , and 
. . , a n − a n−1 ] := a ∈ Z n and any m ∈ Z, this order is denoted D [b] in the sequel. Furthermore, the permutation group S n acts naturally on the order P and its generated K-algebra. This induces an action of S n on the group of fractional ideals of P that can be interpreted as either, an action on the vertices of the chamber, or an action on Γ. 
Example 4.2.
If n = 3, the orbit of D [2, 1] is the set
Next result is immediate from the definition: Proof. First note that both D 0 and D [b] contain the order P of integral diagonal matrices, so the same hold for every maximal order containing their intersection. We conclude that every such order is in the standard
The result follows if we observe that
, and a similar formula holds for every order in the apartment.
In what follows we denote by S 0 (H), for every order H, the maximal subcomplex S of the BT-building B such that every vertex of S corresponds to a maximal order containing H, and call it the block of H. Note that if H is the intersection of all maximal orders containing H, then S 0 (H) = S 0 (H ). We let S 0 (H) denote the set of vertices of S 0 (H). On Γ we define the total length function Luis Arenas-Carmona •
is a paralelotope whose edges are parallel to the axes if and only if
Example 4.7. Recall that a chain order C is the intersection of all orders in a simplex of the BT-building [2, §2] . For such an order, the block S 0 (C) is a simplex, as follows from Definition 3.1 and Proposition 3.3 in [11] . In particular, the only GEOs that are chain orders are the conjugates of
. . , n − 1, where the i-th coordinate of [e(i)] is 1 and all the others are 0. This order is symmetric only when i = n/2, so in particular n is even.
The correspondence H → S 0 (H) reverses inclusions, so that for every pair of elements [c] and [d] 
In fact, a stronger statement is true. 
Proof. Note that µ(D) is contained in exactly the same maximal orders as D, and furthermore µ(D)
), whence the result follows from the previous lemma. 
In the latter case
, and the same holds for a diagonal matrix whose diagonal entries are units. We conclude 
Certainly, this distinction is meaningless if f is odd. The result follows.
Representations
Let H be a suborder of a full order D ⊆ A, let Σ = Σ(D) be the spinor class field, and consider the set
When Φ is a group, the fixed subfield F (D|H) = Σ Φ is called the representation field. More generally, the field F − (D|H) = Σ Φ , which is usually easy to compute, is called the lower representation field, while the fixed field F − (D|H) = Σ Γ , where Γ = {γ ∈ Gal(Σ/K)|γΦ = Φ}, the upper representation field, has the trivial bound F − (D|H) ⊆ L when H is an order contained in the maximal subfield L (see the discussion preceding [4, Prop. 4.1]). Note that the representation field is defined if and only if Γ = Φ , i.e., F − (D|H) = F − (D|H).
The field F − (D|H) is the class field corresponding to the class group K * I(D|H) ⊆ J K , where I(D|H) = {N (a)|a ∈ A A , H ⊆ aDa −1 } is the relative spinor image. We conclude that the function D → F − (D|H) reverses inclusions. In particular, if H is an order in a maximal subfield L, and if we have F − (D|H) = L for some full order D containing H, the same holds for every full order D with H ⊆ D ⊆ D, and the representation field is defined for any such order. For the ring of integers O L of the maximal subfield L, we can give a more precise result. We say that a full order D is strongly unramified if Σ(D) is contained in the spinor class field for maximal orders Σ 0 . Recall that a K-CSA has no partial ramification if it is locally a matrix or a division algebra at all finite places [3] .
Proposition 5.1. Assume D is a strongly unramified order, and A has no partial ramification. Then for every maximal subfield
On the other hand, we always have the
whence equality follows.
The preceding proposition applies in particular to GEOs. The hypothesis on A is necessary, even for D = D 0 , as shown by the counter-example in [3, §4.3] . This result does not helps us to know whether O L embeds into some order in the genus of D or not. This is a local problem and can be answered in some cases by Proposition 5.2 below.
Proposition 5.2. Let H be a local order such that S 0 (H) is contained in the standard apartment. Assume D is a local GEO of type [b] ∈ Γ. Then the following statements are equivalent:
(
1) S 0 (H) has two vertices whose type difference is [b]. (2) There exist two vertices D [c] and
Proof. The equivalence between (1) and (3) follows from the well known fact that the automorphism group of A acts transitively on pairs of lattices with the same invariant factors ( §3). It is immediate that (2) implies (1), so we prove the converse. Assume 
(B). In this case the relative spinor image
is not a group. In order to apply this result to commutative orders, we need an explicit description of the cell complex S 0 (H). We can do this for the order H = O E , for a maximal subfield E ⊆ A, when A has no partial ramification. Recall that, for an extension of number fields E/K, the local completion E ℘ = E ⊗ K K ℘ is a product of fields, and therefore we need a description of S 0 (O L ) for a semisimple commutative algebra L = E ℘ . This is provided by next result. Here we identify the set of vertices of an n-dimensional apartment with Z n , and all cartesian products must be understood in this context.
Proposition 5.5. Assume that the
n-dimensional local semisimple algebra L = r i=1 L i ⊆ M n (k) is a product of the fields L i . Then S 0 (O L ) is
contained in an apartment A and its set of vertices has a decomposition of the
Proof. Note that the regular representation φ : L → M n (k) is, up to conjugacy, the only faithful n-dimensional representation of the k-algebra L. We
Spinor class fields for Eichler orders
Embedding a maximal separable conmutative order in a GEO of type [1, 2] .
conclude that the maximal orders containing O L are in correspondence with the classes of fractional ideals in O L up to k * -multiplication. By choosing a suitable basis, we can assume that
where
is the regular representation with respect to a basis of the form The picture already tells us that O L is contained in a local GEO D of type [1, 2] , namely the one corresponding to the block in and π F is a uniformizing parameter of F , are shown in Figure 5 .2(B2) and Figure 5 .2(B3) respectively. Note that the multiplicative group of L acts transitively on the set of fractional ideals, whence conjugating by such elements, the block of any GEO representing O L can be moved inside S 0 (O L ), taking a given vertex to any prescribed possition in this block. This can be used to give a second proof of Proposition 5.1 for GEOs.
Global cell blocks for GEOs
For a global algebra satisfying EC, there is a simple way to describe the conjugacy classes in a genus of GEOs in terms of maximal orders. First we consider an indefinite quaternion algebra A and an Eichler order D ⊂ A whose level has only two prime divisors, say
2 . Note that there exists α i + 1 local maximal orders containing D ℘ i and they lie on a path of the BT-tree at ℘ i for i ∈ {1, 2}. It follows that the global maximal orders containing D correspond to the vertices of a rectangular grid with α 1 + 1 columns and α 2 + 1 rows. If we label these vertices alternating labels on each row and column as shown in Figure 6 .1(A), each label correspond to a onjugacy class.
Let O 0 be the genus of maximal orders in A and let ρ 0 : 
More generally, in the hypotheses of the previous lemma, for any idelic element a ∈ A A satisfying D 3 = aD 1 a −1 , we have
since, by the preceeding result, aDa −1 and D are conjugate. • D 4 ) for all finite places ℘.
Spinor class fields for Eichler orders
• D 1 and D 3 are isomorphic.
Proof. The conditions are obviously necessary, so we prove the sufficiency. 
, and therefore its reduced norm satisfies N (b ℘ ) ∈ K * f ℘ O * K℘ . Since conjugation by a diagonal matrix of the form diag(β 1 , . . . β f ), where β 1 , . . . β f ∈ B are elements with the same absolute value, stabilizes every point in the standard apartment, we can replace b by an idele whose reduced norm is 1. Now the result is a consequence of the Strong Approximation Theorem for the group SL 1 (A).
Proof of Theorem 1.1. Let Σ 0 and Σ be as in Theorem 3.1. As noted in the proof of Lemma 4.11, the symmetry condition implies that 2(r 1 + · · · + r f ) is always a multiple of f = f ℘ (A/K). We conclude that Σ 0 /Σ is always an exponent-2 extension. On the other hand, Σ 0 /K has exponent n where n 2 = dim K A. If n is odd we conclude Σ = Σ 0 , and the first statement follows.
To We conclude by giving an example of a definite quaternion algebra, and two Eichler orders in it that are not isomorphic, but the orders in the lower left (resp. the upper right) corners of the corresponding grids are isomorphic. Fix any finite place q different from 2 and 23. For any Eichler order H of level 2q, consider the square S(H), horizontal edges denoting neighbors at 2, with each vertex labeled with the isomorphism class of the corresponding order. If D has a neighbor at q that is isomorphic to D , we must have two orders H 1 and H 2 whose corresponding squares are labeled as in Figure 6 .3(A) and 6.3(B). If not, then D has a neighbor at q isomorphic to D . If D has a neighbor at 2 isomorphic to itself, we have two orders whose corresponding squares are labeled as in Figure 6 .3(C) and 6.3(D). Otherwise 1 , every neighbor at 2 of D is isomorphic to D , and we can interchange D and D in Figures 6.3 (A) and 6.3(B). In every case we have two squares with two opposite vertices labeled similarly, but not the others, so they must correspond to non-isomorphic orders.
